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Appli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he Physik, Universität Tübingen
Auf der Morgenstelle 14, D-72076 Tübingen, Germany
(Dated: 21st November 2005)
The size of the vortex ore in a lean superondutor is strongly temperature dependent and
shrinks with dereasing temperature, dereasing to zero for T → 0. We study this so-alled Kramer-
Pesh eet both for a single gap superondutor and for the ase of a two gap superondutor
using parameters appropriate for Magnesium Diboride. Usually, the Kramer-Pesh eet is absent
in the dirty limit. Here, we show that the Kramer-Pesh eet exists in both bands of a two gap
superondutor even if only one of the two bands is in the lean limit and the other band in the
dirty limit, a ase appropriate for MgB2. In this ase an indued Kramer-Pesh eet appears in the
dirty band. Besides numerial results we also present an analytial model for the spatial variation
of the pairing potential in the viinity of the vortex enter that allows a simple alulation of the
vortex ore radius even in the limit T → 0.
PACS numbers: 74.20.-z, 74.25.Bt, 74.70.Ad
I. INTRODUCTION
In 1974 Kramer and Pesh theoretially disovered
an unusual ore shrinkage of an isolated vortex for de-
reasing temperature whih they did not only observe in
numerial solutions of Eilenberger's equations but also
proved analytially [1℄. While all other lengthsales de-
sribing the superonduting state, espeially the Lon-
don penetration depth and the oherene length, reah a
saturation value with dereasing temperature, this inves-
tigation introdued a new lengthsale in the disussion of
the vortex state of lean superondutors. It an be de-
ned as the inverse of the slope of the pairing potential at
the vortex enter and desribes not only the spatial vari-
ation of the gap funtion but also the maximum height
of the superurrent density around the vortex enter and
thus measures the size of the vortex ore. In a lean su-
perondutor without impurity sattering this length ξv
dereases linearly with temperature tending to zero for
T → 0 while in superondutors with larger sattering
rates it reahes a saturation value. A detailed study of
the impurity eet on the vortex ore shrinkage an be
found in Ref. [2℄.
It appears well established both experimentally and
theoretially that the new superondutor MgB2 is a
two gap superondutor, possessing two superondut-
ing gaps of signiantly dierent size on disonneted
parts of the Fermi surfae [3, 4, 5, 6℄. There exist other
ompounds, in whih two gap superondutivity is be-
lieved to be realized, however, at present MgB2 is the
learest example. In the ase of suh a multi band su-
perondutor with several distint gap values there exist
dierent lengthsales that desribe the spatial variation
of the quasipartile exitations orresponding to the dif-
ferent gap values. Therefore, we also expet dierent
lengthsales for the desription of the inrease of the gap
funtions near the enter of an isolated vortex in eah
band. It is obvious that these lengthsales are not inde-
pendent of eah other if there is a oupling of the dierent
bands via the pairing interation. In this work we want
to examine numerially the vortex ore shrinkage for a
two gap superondutor at the example of Magnesium
Diboride. We also present an analytial gap model that
well desribes the low temperature behaviour of the ore
size ξv. In the last setion we want to disuss a model
of a two gap superondutor assuming large and small
sattering rates in the dierent bands and its inuene
on the size of the vortex ore.
II. THE SINGLE BAND CASE
In this setion, we study the vortex ore struture of a
standard (single band) superondutor. In the rst sub-
setion (IIA), we desribe how the Riati parametriza-
tion formalism of the Eilenberger theory an be used
to numerially alulate the struture of an isolated
Abrikosov vortex in the lean limit. In the seond subse-
tion (II B), we present an analytial model for the pairing
potential in the viinity of an isolated Abrikosov vortex
and explain how it an be used to alulate the tem-
perature dependene of the vortex ore size. The third
subsetion (II C) applies to the dirty limit. We point out
how the theoretial desription simplies in this speial
ase and disuss the results for the vortex ore size.
A. Numerial Calulations
In order to alulate the pairing potential ∆(~r, T ) for
a ertain region in real spae, one has to nd a solution
to the gap equation:
∆(~r, T ) = V N(0) 2πT
∑
0<εn<ωc
〈f(~r,~kF , iεn)〉FS
(1)
2Aording to Refs. [7, 8℄, the quasilassial propagator
f(~r,~kF , iεn) an be expressed in terms of two omplex
quantities a(x) and b(x), alled the Riati amplitudes:
f(~r(x), ~kF , iεn) =
2 a(x)
1 + a(x) b(x)
(2)
The Riati amplitudes a(x) and b(x) are in turn solu-
tions to the Riati dierential equations
~vF∂x a(x) + [2ε˜n +∆
†(~r(x)) a(x)] a(x) −∆(~r(x)) = 0
(3a)
~vF∂x b(x)− [2ε˜n +∆(~r(x)) b(x)] b(x) + ∆
†(~r(x)) = 0
(3b)
The Riati dierential equations have to be solved along
real spae trajetories ~r(x) pointing in the diretion of the
Fermi wave vetor ~vF (~kF ) using the modied Matsubara
frequenies iε˜n = iεn+(e/c)~vF · ~A(~r(x)). The quasilas-
sial Green's funtion f(~r,~kF , iεn) alulated with the
Riati amplitudes aording to equation (2) then has to
be averaged over the Fermi surfae of the superondut-
ing material (denoted with 〈· · · 〉FS).
As initial values for the integration of the Riati dier-
ential equations the bulk values of the Riati amplitudes
have to be used (εn > 0):
a(−∞) =
∆(−∞)
εn +
√
ε2n + |∆(−∞)|
2
(4a)
b(+∞) =
∆†(+∞)
εn +
√
ε2n + |∆(+∞)|
2
(4b)
The quasilassial Green's funtion f(~r,~kF , iεn) is, via
the Riati amplitudes, a funtion of the pairing poten-
tial. A straightforward way to nd a solution to the
self-onsisteny problem posed by the gap equation is
to hoose a ertain initial onguration for the pairing
potential ∆(~r, T ) and then improve this onguration it-
eratively.
Sine we will apply the methods desribed in this hap-
ter to study the temperature dependene of the vortex
ore size of an isolated Abrikosov vortex, it is onvenient
to dene, at this point, a harateristi lengthsale for
the size of the vortex ore. We take up the proposal for
a denition by Hayashi et al. [2℄:
ξ−1v =
∂∆(r)
∂r
∣∣∣∣
r=0
1
∆(r =∞, T )
(5)
This harateristi lengthsale ξv orresponds to the in-
verse slope of the pairing potential ∆(~r, T ) at the vortex
enter r = 0, normalized to the bulk value of the pairing
potential∆(r =∞, T ) at the orresponding temperature
T and has to be distinguished from the bulk oherene
length ξ∞ = ~vF /∆(r =∞, T ).
One a self-onsistent solution for the pairing potential
is found, the loal quasipartile spetrum N(~r, E) (loal
Figure 1: The quasipartile spetrum in the single band ase,
plotted for several distanes from the vortex ore at a temper-
ature of T = 0.5 Tc. The distanes span from r = 0 (rearmost
urve) to r = 5 ξ∞(foremost urve) in steps of 0.2 ξ∞. For
these plots, an imaginary part (broadening) of δ = 0.1 was
used.
density of states) an be alulated in the following man-
ner:
N(~r, E) =
〈
Re
[
1− a b
1 + a b
]
iεn→E+iδ
〉
FS
(6)
In Fig. 1, we show numerial results for the quasipar-
tile spetrum in the single band ase. The urves were
obtained evaluating Eq. (6) based on self-onsistently al-
ulated data for the pairing potential∆(~r, T ) and a ylin-
drial Fermi surfae has been assumed. A distint zero
energy peak represents Andreev bound states in the vor-
tex ore. For inreasing distane from the vortex ore,
this peak splits and nally merges into the gap edges.
Similar results have been obtained before. Gygi and
Shlüter solved the Bogoliubov-de Gennes equations as
an eigenvalue problem to study the eletroni struture
of a vortex line, see Ref. [9℄. Ihioka et al. used the qua-
silassial Eilenberger theory to examine the same prob-
lem, see Ref. [10℄.
Although the Riati parametrization of the Eilen-
berger propagator oers a onvenient and stable method
to solve the Eilenberger equations and to alulate the lo-
al density of states, the eort of numerial alulations
inreases under ertain irumstanes. Firstly, as the
lengthsale on whih the pairing potential ∆(~r, T ) varies
is getting shorter, the number of grid points on whih
the gap equation has to be solved in real spae grows.
Seondly, the number of terms in the sum over Matsub-
ara frequenies
∑
0<εn<ωc
grows linearly with dereasing
temperature. Thirdly, the averaging over all Fermi wave
vetors ~vF that appear on the Fermi surfae beomes la-
3borious for ompliated Fermi surfae topologies.
Taking all these points into aount, it is obvious that
an analytial approah should be onsidered whenever
possible, in partiular if one wants to study the T → 0
limit. In the next hapter, this will be done for an isolated
Abrikosov vortex.
B. Exat Solution for an Analytial Gap Model
In the innermost part of an Abrikosov vortex, the mod-
ulus of the pairing potential grows linearly with inreas-
ing distane from the vortex enter. As it approahes
the bulk value, it saturates with a ertain prole. Su-
perimposed to the behaviour of the modulus of the pair-
ing potential, the phase varies by 2π around the vortex.
This leads to the general form ∆(~r) ∼ r eiφ for the in-
nermost part of the vortex, while in the outermost part,
the behaviour ∆(~r) ∼ eiφ holds (r and φ are polar oor-
dinates in real spae). Thus, the following simple analyt-
ial model for the pairing potential in the viinity of an
isolated Abrikosov vortex is useful:
∆(~r, T ) =
{
∆∞(T )
ξv
r eiφ , r < ξv
∆∞(T ) e
iφ
, r ≥ ξv
(7)
Here, ∆∞(T ) denotes the value of the pairing potential
in the bulk at a given temperature T ; ξv is the length-
sale on whih the pairing potential rises from zero in
the enter of the vortex to the bulk value ∆∞(T ) and
oinides with the previous denition (5). Aording to
Ref. [8℄, every real spae trajetory ~r(x) is parametrized
by an impat parameter y and the position along the tra-
jetory x. In our speial ase, the impat parameter y is
given by the distane from the trajetory to the vortex
ore. The position along the trajetory x is measured
relative to the point losest to the vortex ore. It follows
from what has been said that
r eiφ = (x+ iy) eiθ (8)
along a hosen trajetory speied by θ, the angle or-
responding to the diretion of the Fermi veloity in the
ab-plane. Within the sope of this model, the pairing po-
tential onsists of a vortex ore with a linear prole and
a phase vortex in the irumferene.
In the next two subsetions, we will show how an analyti-
al solution an be obtained for the quasilassial Green's
funtion in the speial ase of this partiular pairing po-
tential prole. We will then use this analytial solution
in order to determine the lengthsale ξv self-onsistently
with the gap equation.
1. Analytial Solution for r < ξv
In general, the linearized Bogoliubov-de Gennes equa-
tions, often referred to as Andreev equations, read
− i~vF
∂
∂x
[
u(x)
v(x)
]
=
[
iε˜n(x) −∆(x)
∆†(x) −iε˜n(x)
] [
u(x)
v(x)
]
(9)
Aording to Ref. [8℄, the solutions of (9) are onneted
to the Riati amplitude a(x) via
a(x) = i
u(x)
v(x)
(10)
whereas the Riati amplitude b(x) an be obtained ap-
plying the symmetry relation
b(x) = −a(−x) e−2iθ (11)
whih is valid if only a single vortex line is present.
It should be noted that we do not solve the linearized
Bogoliubov-de Gennes equations (9) as an eigenvalue
problem, but as an inital value problem, see Ref. [8℄.
For the linear prole, Eq. (9) reads{
i~vF∂x + e
i θ2 τˆ3
[
iεnτˆ3 −
∆∞
ξv
i (xτˆ2 + yτˆ1)
]
e−i
θ
2 τˆ3
}
◦
(
u(x)
v(x)
)
= 0ˆ (12)
where τˆi are the Pauli matries. Applying the gauge
transformation
Ψˆ(x) =
(
Ψ1(x)
Ψ2(x)
)
= e−i
θ
2 τˆ3 ◦
(
u(x)
v(x)
)
(13)
and introduing the spinor Φˆ(x) via
Ψˆ(x) =
(
~vF∂x − εnτˆ3 +
∆∞
ξv
(xτˆ2 + yτˆ1)
)
◦ ei
pi
4 τˆ1 ◦ Φˆ(x) (14)
one obtains the following two deoupled dierential equa-
tions for the omponents Φˆ(x) = (Φ−(x), Φ+(x))
T
[
(~vF∂x)
2 − ε2n −
∆2
∞
ξ2
v
(x2 + y2)± ~vF
∆∞
ξv
]
◦Φ∓(x) = 0 (15)
Saling the variables x¯ = x
ξ
and y¯ = y
ξ
to the har-
ateristi lengthsale ξ =
√
ξv ξ∞
2 with ξ∞ =
~vF
∆∞
and
introduing
Φ±(x) =
(
ξ
~vF
)2
Φ¯±(x¯) (16)
c± =
1
4
(
ξv
ξ
εn
∆∞
)2
+
1
4
y¯2 ±
1
2
(17)
4Eqs. (15) assume the following ompat and dimension-
less form: [
∂2x¯ − c± −
1
4
x¯2
]
Φ¯±(x¯) = 0 (18)
The general solution of this seond order dierential
equation is given by a linear ombination of the paraboli
ylinder funtions U(c±, x¯) and V (c±, x¯) [11℄. We hoose
the following ansatz
Φ¯−(x¯) = A− V (c−,−x¯)Θ(−x¯) +B− V (c−, x¯)Θ(x¯)
Φ¯+(x¯) = A+ U(c+,−x¯)Θ(−x¯) +B+ U(c+, x¯)Θ(x¯)
(19)
with Θ(x¯) =
{
1 for x¯ > 0
0 for x¯ < 0
in order to onstrut the Riati amplitudes a(x) and
b(x). The onnetion between the Riati amplitude a(x)
and the solutions of the Andreev equation (12), given by
(10), now reads
a(x) =
Ψ1(x)
Ψ2(x)
ieiθ (20)
Let us briey omment on the onstrution of the Ri-
ati amplitudes a(x) and b(x), respetively. A orret
solution rstly has to solve the Riati equations (3) and
seondly has to possess the orret bulk asymptotis (4).
The former is provided by onstrution [8℄ and we will
see later on that the asymptoti behaviour obtained with
this ansatz is indeed orret.
Additionally, it should be noted that the ansatz (19) is in
fat unique. An expansion of the solution derived from
the most general ansatz (ontaining both paraboli ylin-
der funtions U(c±, x¯) and V (c±, x¯) for both funtions
Φ¯± and all x) exhibits the orret asymptoti behaviour
if and only if the terms not ontained in (19) vanish.
Thus, the above form is being reprodued.
Using the ansatz (19), undoing the gauge transforma-
tion (13) and the substitutions (14), (16), then applying
some basi properties of the paraboli ylinder funtions
[11℄ and making use of (20), one obtains the following
expression for the Riati amplitude a(x¯) for x¯ < 0:
a(x¯) = e−iθ
[
−V (c+,−x¯)
U(c−,−x¯)
− 12
(
ξv
ξ
εn
∆∞
− iy¯
)
V (c−,−x¯)
U(c−,−x¯)
]
−
(
A+
iA−
) [
1− 12
(
ξv
ξ
εn
∆∞
+ iy¯
)
U(c+,−x¯)
U(c−,−x¯)
]
[
−V (c+,−x¯)
U(c−,−x¯)
+ 12
(
ξv
ξ
εn
∆∞
− iy¯
)
V (c−,−x¯)
U(c−,−x¯)
]
+
(
A+
iA−
) [
1 + 12
(
ξv
ξ
εn
∆∞
+ iy¯
)
U(c+,−x¯)
U(c−,−x¯)
]
(21)
A similar expression an be obtained for x¯ > 0, but
this will not be neessary for our further alulations.
The Riati amplitude b(x¯) for x¯ > 0 an be onstruted
from equation (21) using the symmetry relation (11). We
now have to determine the oeient ( A+
iA−
) in order to
omplete the solution. This will be ahieved by mathing
Eq. (21) to the solution for r ≥ ξv.
2. Analytial Solution for r ≥ ξv
The outer region of our model for the pairing potential
(7) is nothing but a pure phase vortex. Unfortunately,
there is no exat solution to the Riati equations (3)
for suh a phase vortex for all energies and all impat
parameters. On the one hand, an exat solution for all
values of the impat parameter an be obtained for the
speial ase iεn → E = |∆∞| [8℄. On the other hand, an
asymptoti solution for all energies is obvious for vanish-
ing impat parameter (In this speial ase, the pairing
potential is onstant along any single trajetory exept
for the phase step in the vortex ore). Sine we will solve
the gap equation for a real spae position x0 that is very
lose to the vortex enter (in fat we will perform the
limit x0 → 0), the impat parameter will be vanishingly
small in our alulations. Thus, we hoose the asymp-
toti solution that is exat for all energies and vanishing
impat parameter. It is of the following form:
a(x¯) =
|∆∞|
εn +
√
ε2n + |∆∞|
2
eiφ (22)
Now the solution for the outer part of the vortex being
onstruted, we an demand that the solution be ontin-
uous at ξv. This means that Eq. (21) evaluated at x = ξv
has to be equal to Eq. (22) whih determines the oe-
ient ( A+
iA−
). Hene, we found a solution for the Riati
amplitudes for all positions x and all energies whih is
exat for vanishing impat parameter y.
We still have to hek if the asymptoti behaviour of
our solution is onsistent with the bulk asymptotis of
the Riati amplitudes. These have been disussed in se-
tion (IIA) and are given in Eqs. (4). On the one hand, we
insert the linear prole of the pairing potential into Eqs.
(4) and thus obtain the orret asymptoti behaviour.
On the other hand, we move the mathing point of our
analyti solution to innity and then expand Eq. (21) in
terms of x¯ → ±∞. Indeed, this reprodues the orret
bulk asymptotis. With a nite mathing point, par-
5tiularly the mathing point ξv, the orret asymptoti
behaviour is provided by onstrution of the solution.
Altogether, we an therefore state that the solution
onstruted with ansatz (19) indeed exhibits the orret
asymptoti behaviour in the bulk.
3. Solving the Gap Equation
In order to determine the lengthsale ξv on whih the
pairing potential rises from zero to the bulk value, we
have to solve the gap equation (1) self-onsistently for a
real spae position x0 whih is lose to the vortex enter.
Therefore, we have to alulate the quasilassial Green's
funtion f(~r,~kF , iεn) aording to Eq. (2) using the so-
lutions for the Riati amplitudes a(x) and b(x) we found
in subsetions (II B 1) and (II B 2). Sine we are only in-
terested in the lengthsale ξv whih orresponds to the
inverse slope of the pairing potential in the vortex ore
(see Eq. (5)), we dierentiate the gap equation (1) at the
vortex enter x0 = 0 with respet to the position x0:
∆∞(T )
ξv
= V N(0) 2πT
∑
0<εn<ωc
〈∂x0f(x0 = 0)〉FS
(23)
We now see that we only need to alulate the derivative
of the Green's funtion f(~r,~kF , iεn) at the vortex enter:
∂x0f(x0 = 0) =
∂
∂x0
2 a
1 + a b
∣∣∣∣
x0=0
(24)
We therefore only need to know the quantities a(x0 = 0)
and ∂x0a(x0 = 0) whih orrespond to a vanishing impat
parameter y. The Riati amplitude b(x) an then be al-
ulated using the symmetry relation (11). The expression
obtained this way then has to be averaged over the Fermi
surfae (denoted by 〈· · · 〉FS) and inserted into the gap
equation. The lengthsale ξv(T ) is, for the full temper-
ature range, determined by this equation. Note that ξv
still has to be determined self-onsistently, beause the
Riati amplitude a(x) depends on ξv via Eq. (21).
Fig. 2 shows the results from these alulations om-
pared to those from a fully numerial self-onsistent so-
lution of the gap equation desribed in setion (IIA). In
both ases, a ylindrial Fermi surfae has been used.
The model for the pairing potential (7) yields a qualita-
tively orret behaviour of ξv(T ) over the full tempera-
ture range. The lengthsale ξv diverges for T → Tc and
vanishes for T → 0. In Fig. 3 we show the numerially de-
termined gap prole together with the approximate one
using the model given in Eq. (7). At low temperatures
the slope at the vortex enter is reprodued very well by
the approximate model, while at higher temperatures de-
viations our. This is reeted in the behaviour of the
lengthsale ξv in Fig. 2.
Based on the analytial expressions obtained in this
hapter, it is possible to alulate ξv in the limit T → 0
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Figure 2: The lengthsale ξv(T ) obtained from a linear prole
of the pairing potential (solid line) and from a numerial self-
onsistent solution of the gap equation (diamonds with dashed
guideline). Additionally, the plot shows the inlination of ξv
in the limit T → 0 (dotted line). The inset is a blow-up of
the low temperature region.
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Figure 3: The modulus of the pairing potential as a fun-
tion of the distane from the vortex enter for three dierent
temperatures. For eah of the three dierent temperatures,
we show the numerially determined self-onsistent solution
(solid line) and the linear prole with a slope alulated eval-
uating the gap equation at a position x0 → 0 (dashed line).
The mathing of the slope at r = 0 beomes very good at low
temperatures.
as long as the ut-o frequeny ωc is nite. Therefore,
one has to insert the analytial result for the Riati am-
plitude a(x) given in Eq. (21) into Eq. (24) making use
of the symmetry relation (11); this quantity an then be
inserted into the dierentiated gap equation (23) and the
limit T → 0 an be performed. The result is the follow-
ing:
ξv →
4 ξ∞
π V N(0)∆∞
T
Tc
for T → 0 (25)
This leads to ξv ∝ ξ∞T/Tc and we an thus, within the
Riati parametrization formalism of the Eilenberger the-
ory, reprodue the result found earlier by Kramer and
6Pesh [1℄ as a limiting ase of our alulations.
It should be noted that the linear behaviour for T → 0
is valid only for a very narrow temperature range (see the
inset in Fig. 2). The urve ξv(T ) bends towards ξv = 0
not until very low temperatures (∼ 0.05Tc). Thus, linear
extrapolations from higher temperatures towards T = 0
should be handled with are.
C. Comparison with Dirty Limit Calulations
In the ase of a dirty superondutor with high satter-
ing rates the Eilenberger equations redue to a simple dif-
fusionlike equation for the Usadel propagator represented
by the Green's funtions G(~r, εn) and F (~r, εn) that are
independent of the Fermi wave vetor
~kF as was shown
by Usadel [12℄. Following the notation of Koshelev and
Golubov in [13℄ this equation an be written as
εnF −
D
2
[
G
(
~∇−
2πi
Φ0
~A
)2
F − F ~∇2G
]
= ∆G
together with the self-onsisteny ondition
∆(~r) = V N(0) 2πT
∑
0<εn<ωc
F (~r, εn) (26)
where we have assumed that the Fermi surfae is rota-
tionally symmetri with respet to the applied magneti
eld and we have redued the equations to the single
band ase. The harateristi lengthsale is determined
by the diusion onstant D and an be written as
ξ∞ =
√
D
2πTc
(27)
Employing the normalization ondition
[G(~r, εn)]
2
+ F †(~r, εn)F (~r, εn) = 1
we an introdue a parametrization for the momentum
averaged Usadel Green's funtions G(~r, εn) and F (~r, εn)
similar to the Riati parametrization for the lean limit
Eilenberger equations [14, 15℄.
G(~r, εn) =
1− a2
1 + a2
, F (~r, εn)e
−iϕ =
2a
1 + a2
(28)
It should be noted that here we restrited to positive
Matsubara frequenies εn > 0.
In the viinity of an Abrikosov vortex we an simplify the
equations by swithing to ylindrial oordinates. If we
assume a large Ginzburg-Landau parameter κ ≫ 1 and
onne to an isolated vortex we an neglet the vetor
potential and write down the dierential equation for a(r)
as
2εna−D
[
1
r
∂r(r∂ra)−
2a (∂ra)
2
1 + a2
−
1
r2
a
(
1− a2
)
1 + a2
]
= (1 − a2)∆(r) (29)
Here r denotes the distane from the vortex enter and
the phase of the order parameter ϕ has been assumed to
oinide with the polar angle φ as ∆(~r) = ∆(r)eiφ. The
parameter a(r) is related to the parameter θ of [13℄ by
a(r) = tan θ2 . Inserting this relation into Eq. (29) and
normalizing all energies to πTc and all lengths to ξ∞ we
reprodue the dierential equation for θ(r) from Ref. [13℄:
∂2rθ(r, εn) +
1
r
∂rθ(r, εn)−
1
r2
cos θ(r, εn) sin θ(r, εn)
+∆(r) cos θ(r, εn)− εn sin θ(r, εn) = 0 (30)
together with the gap equation
∆(r) = V N(0) 2πT
∑
0<εn<ωc
sin θ(r, εn) (31)
The boundary onditions for the dierential equation
(30) follow from general onsiderations: In the vortex
enter the anomalous Green's funtion F (~r, εn) vanishes
together with the modulus of the pairing potential lead-
ing to
θ(r = 0, εn) = 0 (32)
and far from the vortex enter we expet the Green's
funtions to assume their bulk values and we obtain
θ(r →∞, εn) = arctan
∆0
εn
(33)
To obtain a self-onsistent prole for the pairing potential
∆(r) the Usadel equations have to be solved iteratively
together with the gap equation as desribed in setion
(IIA). We used a relaxation method for a fast and sta-
ble solution of the boundary value problem dened by
Eqs. (30, 32, 33) and hose a ut-o for the Matsub-
ara frequeny summation in Eq. (31) of ωc = 20πTc.
Extrating the harateristi length ξv from the inverse
slope of the pairing potential in the vortex enter we nd
 as expeted from several other alulations, e.g. [2℄ 
a saturation value of ξv for low temperatures, see Fig. 4,
i.e. in the dirty limit the Kramer-Pesh eet disappears.
In Fig. 5, we show the quasipartile spetrum alu-
lated as the real part of the analytial ontinuation of
the Usadel Green's funtion G(~r,−iE + δ) aording to
Eq. (30). Due to strong impurity sattering, the zero en-
ergy bound state in the vortex ore is replaed by a at
normal state spetrum.
III. THE TWO GAP CASE
In this setion, we study the vortex ore struture of a
two gap superondutor. In the rst subsetion (III A),
we explain how the numerial proedure for the single
band ase from setion (IIA) an be generalized in order
to desribe a lean two band system. In the seond sub-
setion (III B), we do the same for the analytial model
for the pairing potential from setion (II B). In this sub-
setion, we also present results for a two gap superon-
dutor in the dirty limit.
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Figure 4: The lengthsale ξv(T ) for the dirty limit approah.
A saturation ours at low temperatures.
Figure 5: The quasipartile spetrum in the dirty limit, plot-
ted for several distanes from the vortex ore at a temperature
of T = 0.5 Tc. The distanes span from r = 0 (rearmost urve)
to r = 10 ξ∞ (foremost urve) in steps of 0.5ξ∞.
A. Numerial Calulations
In order to inlude two band behaviour into our on-
siderations, the gap equation (1) has to be replaed by a
two band gap equation:
∆(α)(~r, T ) = 2πT
∑
α′
λαα′
∑
0<εn<ωc
〈fα′〉FS,α′ (34)
with α, α′ ∈ {σ, π}
This two band gap equation an be derived starting from
the fully momentum dependent multiband formulation of
the quasilassial (Eilenberger) theory [16℄ and has been
used suessfully to desribe the upper ritial eld in
MgB2 [17℄. We introdued two band indies (σ and π)
with respet to the usual nomenlature in MgB2 as well
as a 2× 2 oupling matrix λαα′ .
The appliation of the two band gap equation (34) re-
quires the alulation of the quasilassial Green's fun-
tion for the two bands separately, fσ(~r,~kF , iεn) for the
σ band and fpi(~r,~kF , iεn) for the π band. Eqs. (2)-
(4) still apply, but the σ omponent of the pairing po-
tential ∆(σ)(~r, T ) has to be used for the alulation of
fσ(~r,~kF , iεn) and the π omponent ∆
(pi)(~r, T ) for the
alulation of fpi(~r,~kF , iεn), respetively.
Additionally, the Fermi surfae topology of MgB2 has
to be taken into aount in the Fermi surfae averages
〈· · · 〉FS,σ and 〈· · · 〉FS,pi, respetively. Band struture al-
ulations have been arried out to determine the Fermi
surfae struture [3, 18℄ as well as mirosopi alula-
tions that revealed the distribution of the superondut-
ing gap on the Fermi surfae [4, 5℄. Here, we use a simple
model for the Fermi surfae that has been suggested in
Ref. [17℄: a half-torus for the π band and a distorted
ylinder for the σ band, respetively. This model or-
retly reprodues the Fermi surfae topology and has
proved to desribe the upper ritial eld anisotropy in
MgB2. This leads to the following integral parametriza-
tions [17, 19℄:
〈· · · 〉FS,σ =
c
4π2
∫ pi
2
−pi2
dkc
∫ 2pi
0
dφ · · · (35)
〈· · · 〉FS,pi =
1
2π
∫ 3pi
2
pi
2
dθ
∫ 2pi
0
dφ
1 + κ cos θ
1− 2κ/π
· · ·
Here, φ ∈ [0, 2π] is the azimuthal angle within the ab
plane, θ ∈ [pi2 ,
3pi
2 ] the polar angle of the torus, kc the -
axis omponent of the momentum, c the lattie onstant
in the -axis diretion, and κ = 0.25 the ratio of the two
radii of the torus [17℄.
In the two band gap equation (34), the oupling be-
tween the two bands ours via the oupling matrix
λαα′ whih, in the weak oupling limit, an be alu-
lated from the ratio of the gap amplitudes for T → 0
(∆
(σ)
∞ /∆
(pi)
∞ (T → 0)) and for T → Tc (∆
(σ)
∞ /∆
(pi)
∞ (T →
Tc)), from the ratio of the densities of states in the nor-
mal (non-superonduting) state (N(0)(σ)/N(0)(pi)) and
from the ut-o frequeny ωc [20℄. The ratio ∆
(σ)
∞ /∆
(pi)
∞
an be extrated from alulations of the two superon-
duting energy gaps based on the Eliashberg formalism
as well as the ratio N(0)(σ)/N(0)(pi) [5℄. The values
∆
(σ)
∞ /∆
(pi)
∞ (T → 0) = 3, ∆
(σ)
∞ /∆
(pi)
∞ (T → Tc) = 4 and
N(0)(σ)/N(0)(pi) = 0.734 have been used in our alula-
tions.
The general form of the two band gap equation (34) leads
to the ompliation that the two omponents of the pair-
ing potential, ∆(σ)(~r,T ) and ∆(pi)(~r,T ), have to be alu-
lated simultaneously.
In the ase of a two band superondutor, the spetral
distribution of quasipartilesN(~r, E) is the weighted sum
of the spetral distribution for the σ band and for the π
8band, eah of the two alulated aording to Eq. (6):
Ntot(~r, T ) = wσ Nσ(~r, E) + wpi Npi(~r, E) (36)
For the speial ase of MgB2, the weight of the spe-
tral distribution of the π band wpi is given by wpi =
N(0)(pi)/(N(0)(σ) + N(0)(pi)) = 0.577, whih implies
wσ = 1− wpi = 0.423 (e.g. see [3, 4℄).
In Fig. 6, we show numerial results for the two band
quasipartile spetrum in the speial ase of MgB2. The
total quasipartile spetrum exhibits muh more stru-
ture due to the superposition of the spetra of the two
single bands.
B. The analytial Gap Model for Two Bands
In order to extend the analytial gap model from hap-
ter (II B) to the ase of a two gap superondutor, one has
to introdue two separate gap models for the pairing po-
tential, one for eah band, and eah of the two in the form
of Eq. (7). Hene, one has to introdue two lengthsales,
one for eah of the two bands: ξ
(σ)
v and ξ
(pi)
v . Following
the disussion in setion (III A), the alulations arried
out in hapter (II B) have then to be repeated for eah of
the two bands separately in order to obtain the quasilas-
sial Green's funtion for both bands: fσ(~r,~kF , iεn) and
fpi(~r,~kF , iεn). A oupling of the two bands rst ours
in the gap equation (34).
In full analogy to the proedure in hapter (II B), the
Green's funtion f(~r,~kF , iεn) an be alulated for eah
of the two bands. The two band gap equation (34) an
again be dierentiated at the enter of the vortex x0 = 0
with respet to the position x0 and determines the two
lengthsales ξ
(σ)
v and ξ
(pi)
v for the full temperature range:
∆
(α)
∞
ξ
(α)
v
= 2πT
∑
α′
λαα′
∑
0<εn<ωc
〈∂x0fα′(x0 = 0)〉FS,α′
(37)
In Fig. 7, we show the results from these alulations,
again ompared to the results from a fully self-onsistent
solution of the two band gap equation. As in the single
gap ase, the linear prole for the pairing potential re-
sults in a qualitatively orret behaviour of ξ
(σ)
v (T ) and
ξ
(pi)
v (T ) for the full temperature range. The lengthsales
ξ
(σ)
v and ξ
(pi)
v diverge for T → Tc and vanish for T → 0.
Thus, we nd a Kramer-Pesh eet in both bands of a
lean two band system. Again, for low temperatures the
linear prole mathes niely the self-onsistently alu-
lated urve but shows deviations for higher temperatures.
As in the single band ase, the lengthsales ξ
(σ)
v and ξ
(pi)
v
bend towards ξ
(σ)
v = ξ
(pi)
v = 0 not until very low tem-
peratures (∼ 0.05Tc) and thus one should again be are-
ful with extrapolations from higher temperatures towards
T = 0 (see inset in Fig. 7).
Figure 6: The quasipartile spetrum in the two band ase,
again for several distanes from the vortex ore. (a) shows the
quasipartile spetrum of the σ band and (b) that of the pi
band. In (), the total quasipartile spetrum is being plotted.
As before, the distanes span from r = 0 (rearmost urve) to
r = 5 ξ∞(foremost urve) in steps of 0.2 ξ∞ and an imaginary
part of δ = 0.1 was used.
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Figure 7: The lengthsales ξ
(σ)
v (T ) and ξ
(pi)
v (T ) obtained from
a linear prole of the pairing potential (solid line) and from
a numerial self-onsistent solution of the gap equation (di-
amonds with dashed guidelines). Inset: Blow-up of the low
temperature region.
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Figure 8: The numerial results for the vortex ore radii ξv
as a funtion of temperature for the σ band (diamonds) and
the pi band (stars) alulated in the dirty limit with a ratio of
the diusion onstants D
(σ) = 0.2D(pi). One an learly see a
saturation for low temperatures. The lines are guides for the
eye.
We also show the omparison with a dirty limit al-
ulation of the two band gap equation using the Usadel
formalism introdued in setion (II C), see Fig. 8. In this
ase we used slightly dierent parameters to alulate the
oupling matrix λαα′ than in the lean limit alulations.
For the ratio of the diusion onstants we have hosen
the value proposed by Koshelev and Golubov in [13℄ as
D(σ) = 0.2D(pi) leading to a ratio of the oherene lengths
to be ξ
(σ)
∞ = 0.477ξ
(pi)
∞ . As expeted, we nd a nite ore
size for both bands even for low temperatures and thus,
as in the single gap ase, no Kramer-Pesh eet exists
in the dirty limit.
In order to ompare the behaviour of the two bands, it
is useful to study the ratio ξ
(pi)
v /ξ
(σ)
v . In Fig. 9, we show
this ratio for the lean and the dirty limit. The lean limit
results were obtained, on the one hand, from a numeri-
0 0.2 0.4 0.6 0.8 1
TTc
1
1.2
1.4
1.6
1.8
2
2.2
Ξ v
HΠ
L
Ξ
vHΣ
L
Figure 9: The ratio ξ
(pi)
v /ξ
(σ)
v for the lean and the dirty limit.
Solid line: results from the linear prole of the pairing poten-
tial for the lean limit. Diamonds with dashed guideline: nu-
merial solution of the gap equation in the lean limit. Stars
with dotted guideline: Usadel formalism results for the dirty
limit.
al solution of the gap equation and, on the other hand,
from the analytial model for the pairing potential. The
dirty limit results stem from alulations within the Us-
adel formalism. For high temperatures (T → Tc), both
ξ
(pi)
v and ξ
(σ)
v diverge and the ratio ξ
(pi)
v /ξ
(σ)
v tends to 1
in the lean as well as in the dirty limit. For low tem-
peratures (T → 0), the lean and the dirty limit results
dier greatly. In the lean limit, both lengthsales van-
ish, however, in a way that leads to a strong growth of
the ratio ξ
(pi)
v /ξ
(σ)
v , i.e. the vortex ore size in the π band
dereases more slowly as a funtion of temperature than
the one in the σ band. The agreement between the nu-
merial results and those from the linear prole is very
good here. In the dirty limit, the saturation of both ξ
(pi)
v
and ξ
(σ)
v leads to a saturation of the ratio ξ
(pi)
v /ξ
(σ)
v .
The quasipartile spetrum for two dirty bands is a
simple superposition of two single band spetra as an
be seen in Fig. 10.
IV. INDUCED KRAMER-PESCH EFFECT IN A
DIRTY pi BAND
In present high-quality samples of MgB2 it is believed
that the intraband sattering rate in the σ bands is
smaller than the gap value, while in the π bands the
intraband sattering rate is larger than the orrespond-
ing gap value [21, 22, 23℄. Therefore we want to disuss
in this setion  as rst suggested by M. Eshrig [24℄  a
model with a lean σ band and a dirty π band. Sine the
gap proles in the two bands an not vary independently
as they are oupled via the gap equation, we expet that
for low temperatures they show the same asymptoti be-
haviour. But it is not at all lear if we nd a derease of
ξ
(σ)
v and ξ
(pi)
v for T → 0 as in the lean limit alulations
or a saturation value as in the dirty limit approah. To
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Figure 10: The quasipartile spetrum in the two band dirty
limit approah, again for several distanes from the vortex
ore. As before, the distanes span from r = 0 (rearmost
urve) to r = 10 ξ∞(foremost urve) in steps of 0.5ξ∞.
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Figure 11: The numerial results for the votex ore radii ξv
as a funtion of temperature for the lean σ band (diamonds)
and the dirty pi band (stars) alulated in a mixed model
with equal oherene lengths in the two bands ξ
(σ)
∞ = ξ
(pi)
∞ .
The lean σ band and the dirty pi band show both a signi-
ant Kramer-Pesh eet for low temperatures. The ratio of
the ore radii in the pi and in the σ band as a funtion of
temperature alulated for a lean σ and a dirty pi band is
shown in the inset. Again in both plots the lines are guides
for the eye.
obtain a result for the two vortex ore radii we have to
solve the two band gap equation (34) where we alu-
late fσ from the Riati amplitudes aσ and bσ aording
to (2), while the Fermi surfae averaged Green's fun-
tion 〈fpi〉FS,pi is replaed by the Usadel Green's funtion
Fpi(~r, εn) that is a solution of a simple boundary value
problem as desribed in setion (II C). Sine we have two
dierent lengthsales in the lean and the dirty band ase
Figure 12: The quasipartile spetrum in the two band ase,
again for several distanes from the vortex ore. Plot (a)
shows the quasipartile spetrum of the lean σ band and
(b) that of the dirty pi band. In (), the total quasipar-
tile spetrum is being plotted for the mixed model. As
before, the distanes span from r = 0 (rearmost urve) to
r = 10 ξ∞(foremost urve) in steps of ξ∞ and an imaginary
part of δ = 0.1 was used.
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ξ
(σ)
∞ =
~vF
∆
(σ)
0
and ξ
(pi)
∞ =
√
D(pi)
2piTc
we have to x the ratio of
the two oherene lengths whih in general will depend
on the sample quality, i.e. the sattering rate in the π
band. Assuming the diusion onstant D(pi) to be of the
order of
D(pi) ≈ 2πTc
(
~vF
∆
(σ)
0
)2
we hose the ratio to be ξ
(σ)
∞ /ξ
(pi)
∞ = 1. We do not expet
the essential qualitative results to depend on the speial
value of this ratio whih we have heked numerially for
a dierent ratio. In Fig. 11 we show the numerial results
of this alulation. In our alulation we nd a distint
derease of the vortex ore size for low temperatures even
in the dirty π band, that an be understood as an indued
Kramer-Pesh eet due to the real spae oupling of the
two gap amplitudes via the gap equation. The inuene
of the dirty π band is reeted in a larger ratio of ξ
(pi)
v /ξ
(σ)
v
for low temperatures than in the pure lean limit or the
pure dirty limit approah.
In Fig. 12, we show the quasipartile spetrum for the
mixed model, onsisting of a lean σ band and a dirty π
band. Looking at the σ and π band spetra individually,
it is obvious that the zero energy bound state only exists
in the lean band. Thus, a zero energy peak is visible
in the total quasipartile spetrum, but it is lifted by an
oset due to the at spetrum of the dirty band. Re-
striting to the vortex ore region, this leads to a piture
that is very similar to the lean single band ase.
V. CONCLUSIONS
We have studied the Kramer-Pesh eet in both a sin-
gle gap and a two gap superondutor using parameters
relevant for MgB2. We have presented a model for the
vortex ore that allows an analytial solution for the Ri-
ati equations in both ases and ompared it with fully
self-onsistent numerial solutions. This model is useful
for approximate alulations, in partiular at low tem-
peratures.
In the two gap ase we nd that the Kramer-Pesh
eet is present in both bands in the lean limit. At
high temperatures the sizes of the two omponents of
the vortex ore beome equal, while at low temperatures
the size of the vortex ore in the π band with the smaller
gap dereases more slowly with dereasing temperature.
We also investigated the dirty limit within the frame-
work of the Usadel equations. In a single band superon-
dutor there is no Kramer-Pesh eet in the dirty limit
as has been disussed before [2℄. However, in a two gap
superondutor an interesting new situation arises, when
one band is in the lean limit while the other is in the
dirty limit, as is believed to be the ase in high quality
MgB2 samples. In this partiular ase we nd that even
in the dirty band a Kramer-Pesh eet exists, indued
by the lean band.
Traditionally the Kramer-Pesh eet is diult to ob-
serve experimentally due to the disturbing eet of im-
purities. Our alulations indiate that there is a better
hane of observing this eet in MgB2 by sanning tun-
neling mirosopy (STM) imaging of the vortex ore as a
funtion of temperature, beause the π band may be in
the dirty limit and still showing a dereasing vortex ore
size with dereasing temperature, as seen in Fig. 11.
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